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Pairing Functions
The Pairing Functions is for coding pairs of numbers by 
single numbers.

<x, y> = 2x(2y + 1) – 1
If z is any given number, there is a unique solution x, y
to the equation

<x ,y>=z
x is the largest number such that 2x I (z + 1), and 
y is then the solution of the equation

2y + 1 = (z + 1)/2x
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Example <x, y>=??
<2, 3>     

=  

<0, 5>     

=  

<3, 2>

=  

<4, 0>

=  
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Example <x, y>=??
<2, 3>     

=  22(2*3+1)-1

=  4(7)-1 =   27

<0, 5>     

=  20(2*5+1)-1

=  1(11)-1 = 10

<3, 2>

=  23(2*2+1)-1

=  8(5)-1 =   39

<4, 0>

=  24(2*0+1)-1

=  16(1)-1 = 15
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Example z = ??
5     

= 2x(2y + 1) – 1

100

= 2x(2y + 1) – 1
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Example z = ??
5     

= 2x(2y + 1) – 1
6       = 2x(2y + 1)
21*3 = 2x(2y + 1)
x = 1,
2y+1 = 3
y = 1 
5 = <1, 1>

100
= 2x(2y + 1) – 1

101       = 2x(2y + 1)
20*101 = 2x(2y + 1)
x = 0,
2y+1 = 101
y = 50
100 = <0, 50>
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Example z = ??
11

= 2x(2y + 1) – 1

22

= 2x(2y + 1) – 1
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Example z = ??
11

= 2x(2y + 1) – 1
12     = 2x(2y + 1)
22*3 = 2x(2y + 1)
x = 2,
2y+1 = 3
y = 1 
11 = <2, 1>

22
= 2x(2y + 1) – 1

23       = 2x(2y + 1)
20*23 = 2x(2y + 1)
x = 0,
2y+1 = 23
y = 11
22 = <0, 11>

12



Gödel Number
We define the Gödel number of the 
sequence (a1 , … , an) to be the number
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Example [a, b, c,…] = ??
[2, 3]              =

[0, 2, 3]          =

[2, 3, 0, 0, 0] =
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Example [a, b, c,…] = ??
[2, 3]              = 22 *33

= 4*27 = 108

[0, 2, 3]          = 20 *32 *53

= 1*9*125 = 1125

[2, 3, 0, 0, 0] = 22 *33 *50*70 *110 

= 4*27 *1*1*1= 108
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Example [??, ??, ??] = P
30 = [ ]

120 = [ ]
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Example [??, ??, ??] = P
30 = 21*31*51

= [1, 1, 1]

120 = 23*31*51

= [3, 1, 1]
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Example [??, ??, ??] = P
39 =
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Example [??, ??, ??] = P
39 = 3*13

= 20*31*50*70*110*131

= [0, 1, 0, 0, 0, 1]
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Coding Programs by 
Numbers
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Coding Programs by 
Numbers
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Coding Programs by 
Numbers
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Coding Programs by 
Numbers
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Example
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Example
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Determine the program 
whose number is 199
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Determine the program 
whose number is 199
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